To any additive category C, we associate in a functorial way two additive categories A(C), B(C). The category A(C), resp. B(C), is the reflection of C in the category of additive categories with cokernels, resp. kernels, and cokernel, resp. kernel, preserving functors. Then the iteration AB(C) is the reflection of C in the category of abelian categories and exact functors. We call A(C) and B(C) the Freyd categories of C since the first systematic study of these categories was done by Freyd in the mid-sixties. The purpose of the paper is to study further the Freyd categories and to indicate their applications to the module theory of an abelian or triangulated category.
Introduction
The notion of a contravariantly, resp. covariantly, finite subcategory of an additive category, was introduced by Freyd [20] under the name ample, resp. coample, subcategory and rediscovered later by Auslander and Smalø [9] , see also [18] . Auslander and Smalø coined the terminology contravariantly, resp. covariantly, finite, motivated by the fact that these categories admit certain finiteness conditions on their categories of functors. These notions play an important role in relative homology and modern representation theory. Our main purpose in this paper is to study certain factor categories of the category of morphisms of an additive category, induced by nice contravariantly or covariantly finite subcategories, and to indicate their applications to the module theory of an abelian or triangulated category.
Suppose throughout that C is an additive category and consider in the morphism category C 2 of C, the full subcategory X consisting of split monics and the full subcategory Y of split epics. The subcategory X, resp. Y, is a primal example of a contravariantly, resp. covariantly, finite subcategory in C 2 . We call the factor categories A(C) = C 2 /Y and B(C) = C 2 /X, the Freyd categories of C. The category A(C) is obtained by killing the ideal of morphisms of C 2 which factorize through split monics and the category B(C) is obtained by killing the ideal of morphisms of C 2 which factorize through split epics. These categories occur in the literature for the first time in the work of Gabriel in the late fifties, see [23] , [24] . Freyd used these categories systematically in his study of the representation of an additive category, for instance the stable homotopy category of finite CW-complexes, into an additive category with a more rich and rigid structure, via nicely behaved embeddings, see [20] , [21] . Since then the Freyd categories have found important applications and they are omnipresent in representation theory, in stable homotopy theory and homological algebra, see for instance [22] , where the objects of a Freyd category appear as the values of an L 2 −cohomology theory defined on Hilbert modules over Von Neumann algebras.
Stauffer [45] . If C is abelian we have as a corollary the classical result that the full subcategory Lex(C op , Ab), resp. Rex(C op , Ab), of contravariant left, resp. right, exact functors, is a Giraud, resp. co-Giraud, subcategory of Mod−C. Finally we prove that for a coherent category C, the category Flat(Mod−C) is abelian iff the category Flat(C−Mod) is abelian iff C is abelian. If in addition any left and right flat C−module is projective then Mod−C is Auslander iff C−Mod is Auslander, hence in this case the Auslander condition is symmetric.
In section 8 we study weak abelian categories, a class of categories which contains the triangulated categories. A weak abelian category, which can be thought of as an internal version of a triangulated category, is a coherent category in which any morphism is a weak kernel and a weak cokernel, see [20] . We characterize the weak abelian categories as the categories C for which any left and right injective C−module is flat or equivalently as the full subcategories of projective-injective objects of Frobenius abelian categories. Using this result we deduce that the module category Mod−C is Frobenius iff C is weak abelian and A(C) or B(C) is Noetherian. In case C is a left, resp. right, triangulated category, the Freyd category A(C), resp. B(C), is the free "homological" category of C. If C is triangulated or more generally weak abelian, then C enjoys the nice property that its Freyd categories A(C) and B(C) are equivalent. The main result of this section shows that if C is a weak abelian category such that its Auslander category is Noetherian (Artinian), then the category of Ind-objects (Pro-objects) of the stable category A(C) of the Freyd category A(C) modulo projectives or injectives, is a triangulated category. This generalizes a recent result of Krause [33] .
Some of the results of this paper are known in some version. We believe that the presentation is new and more simple and conceptual. A fixed convention through the paper is that the composition of morphisms in a given category is meant in the diagrammatic order: the composition of f : A − → B and g : B − → C is denoted by f • g.
Homotopy Pairs and Triangulations
Throughout this section we fix a pair (C, X) consisting of an additive category C and a full additive subcategory X ⊆ C of C, closed under direct summands and isomorphisms.
A morphism f : A − → B in C is called an X−epic if the induced morphism C(X, f) : C(X, A) − → C(X, B) in Ab is an epimorphism, ∀X ∈ X. We denote by E X the full subcategory of the morphism category C 2 , consisting of all X−epics. The subcategory X is called contravariantly finite [9] iff ∀A ∈ C, there exists a morphism χ A : X A − → A in E X , with X A ∈ X; the morphism χ A is called a right X−approximation of A. Dually we define X−monics, covariant finiteness of X, and left X−approximations. The full subcategory of C 2 consisting of all X−monics is denoted by M X .
Definition 2.1. The pair (C, X) is called a left homotopy pair, if X is contravariantly finite in C and any X−epic has a kernel in C. The pair (C, X) is called a right homotopy pair if X is covariantly finite in C and any X−monic has a cokernel in C. A left and right homotopy pairs is called a homotopy pair.
If (C, X) is a left homotopy pair, we denote by lex(X) the category of diagrams of the form
f − → C, where f ∈ E X and g = ker(f). It is easy to see that lex(X) ≈ E X . Dually we define the category rex(X) and the equivalence rex(X) ≈ M X , if (C, X) is right homotopy pair. For any pair (C, X) we consider the induced stable category C/X, which is the factor category of C modulo the ideal of morphisms which factor through X. We denote by X : C − → C/X the natural functor, and we set X (A) = A and X (f) = f .
By [10] any left, resp. right, homotopy pair (C, X) induces a left, resp. right, triangulated structure on the stable category C/X. For the notion of a (left or right) triangulated category we refer to [10] , [30] , [50] . We note only that a left, resp. right, triangulated category is a triple (C, Ω, ∆), resp. (C, Σ, ∇) where C is an additive category, Ω : C − → C, resp. Σ : C − → C, is an additive functor and ∆, resp. ∇, is a class of diagrams in C of the form Ω(C) − → A − → B − → C, resp. A − → B − → C − → Σ(A), satisfying certain axioms (see [10] , [30] for details). The diagrams in ∆, resp. ∇, are called triangles. In case Ω, resp. Σ, is an equivalence, (C, Ω, ∆), resp. (C, Σ, ∇) is called a triangulated category [50] , [51] .
The aim of this section is to complete the main result of [10] , by characterizing the left triangulated category induced from a left homotopy pair, by a universal property. To this end we need some definitions. Consider a pair (C, X) with X contravariantly finite in C. We denote by e i : lex(X) − → C, i = 1, 2, 3 the obvious functors e i (A 3 The morphism x f exists, since χ B is a right X−approximation of B. It is shown in [10] that Ω X is a well defined additive functor.
Note that by [11] , if X is in addition covariantly finite and any left X−approximation has a cokernel in C, then the loop functor Ω X admits a left adjoint, the suspension functor Σ X . In particular if (C, X) is a homotopy pair, then (Σ X , Ω X ) is an adjoint pair in C/X.
f − → C ∈ lex(X); then the characteristic class ch(E) of E is defined as follows; consider the object K A kA − − → X A χA − − → A ∈ lex(X). Since X A ∈ X and f ∈ E X , there exists δ : X A − → AB, with: δ•f = χ A . Hence there exists a unique morphism γ : K A − → C, with γ • g = k A • δ. We define ch(E) = γ; it is shown in [10] that ch(E) : Ω X (A) − → C is independent of the choice of δ. Finally we define ∆ X to be the class of diagrams Ω X (C ) − → A − → B − → C in C/X which are isomorphic to diagrams of the form Ω X (C) Theorem 2.2. Let (C, X) be a left homotopy pair. Then there exists a left triangulated structure (C/X, Ω X , ∆ X ) on the stable category C/X, and a ϑ−functor ( X , Θ) : C − → (C/X, Ω X , ∆ X ), satisfying the following universal property: Proof. For the first part see [10] . Define Θ : lex(X) − → (C/X) 2 as follows:
f − → C ∈ lex(X), then Θ(E) = ch(E), and if (a, b, c) : E 1 − → E 2 is a morphism in lex(X), then Θ(a, b, c) = (Ω X (b), a) : ch(E 1 ) − → ch(E 2 ):
It is easy to see that the above diagram commutes and the pair ( X , Θ) is a well defined ϑ−functor. Consider now a left triangulated category (D, Ω, ∆), and let (F, Φ) :
be a ϑ−functor such that F (X) = 0. The last condition implies that there exists a unique functor
Since (F, Φ) is a ϑ−functor and F (X) = 0, the diagram 0 − → T F (A)
Then we have a triangle:
induced from the right X−approximation of C. Then we have a morphism E C − → E in lex(X): 
We refer to [13] for an interpretation of the stable category C/X as the homotopy category of a co-Waldhausen, resp. Quillen closed model, category structure on C, if (C, X) is a left homotopy pair, resp. homotopy pair.
The Freyd Categories
Throughout this section we fix an additive category C with split idempotents. In the morphism category C 2 , we denote an object f : A − → B by (A, f, B), and a morphism by (a, b) :
we consider the full subcategories, X consisting of all split monics, and Y consisting of all split epics. Now X is contravariantly finite in C 2 with right X−approximation of f :
is X−epic iff a, b are split epics, and is Y−monic iff a, b are split monics. Since in C idempotents split, split epics have kernels and split monics have cokernels, and the same is true in C 2 . Hence in C 2 any X−epic has a kernel and any Y−monic has a cokernel. Thus (C 2 , X) is a left homotopy pair and (C 2 , Y) is a right homotopy pair. By Theorem 2.2 the stable category C 2 /X is left triangulated, and the stable category C 2 /Y is right triangulated. By construction the loop, resp. suspension, functor in C 2 /X, resp. in C 2 /Y, is zero. For example the kernel of the right X−approximation
Definition 3.1. The Freyd categories of C are the stable categories
We denote by {A, f, B} the object (A, f, B) ∈ C 2 , when considered as an object in A(C), and by [A, f, B] when considered as an object in B(C). Similarly we denote by {a, b} the morphism (a, b) when considered as a morphism in A(C), and by [a, b] when considered as a morphism in B(C). It is easy to see that if (a, b) :
In particular {A, f, B} = 0 iff f is split epic, and [A, f, B] = 0 iff f is split monic. Hence A(C), B(C) are the homotopy categories introduced by Freyd in [20] . The category C is fully imbedded in its Freyd categories A(C), B(C) by the functors:
If there is no confusion we write P, Q for P C , Q C . Let Idem be the category of additive categories with split idempotents with morphisms (equivalence classes of) additive functors. We consider in Idem the subcategories Coker, resp. Ker, of additive categories with cokernels, resp. kernels, with morphisms (equivalence classes of) cokernel, resp. kernel, preserving functors.
Corollary 3.2. A(C), resp. B(C), is the reflection of C in Coker, resp. Ker.
Proof. Since A(C) is a right triangulated category with zero suspension functor, A(C) is a category with cokernels. Let F : C − → D be a functor to a category with cokernels. D can be considered as a right triangulated category with zero suspension functor. Extend F to a functor
By the dual of Theorem 2.2, there exists a unique exact functor
• . Since exact functors between right triangulated categories with zero suspension functors are simply cokernel preserving functors, and since trivially F ! P = F , we see that the functor P : C − → A(C) is the reflection of C in Coker. Similarly for B(C). For any morphism f : A − → B in C we have the exact sequences:
Indeed {0, 1 B } : P(B) − → {A, f, B} is always epic since if {0, 1 B } • {a, b} = 0, where {a, b} : {A, f, B} − → {C, g, D}, then {a, b} = 0 since b factors through g. Now obviously P(f) • {0, 1 B } = 0, and if P(f) • {0, b} = 0 for {0, b} :
Lemma 3.3. The functor P C : C − → A(C), resp. Q C : C − → B(C), preserves kernels, resp. cokernels, and has a left, resp. right, adjoint Φ C , resp. Ψ C , iff C has cokernels, resp. kernels.
Proof. Let g : C − → A be a kernel of f : A − → B, and let {0, b} : {X, h, Y } − → P(A) be such that {0, b}
is a morphism with {0, a} • P(g) = {0, b}, and is unique with this property, since if {0, c} is another such morphism, then {0, a • g − c • g} : {X, h, Y } − → P(A) is zero ⇒ a • g − c • g factors through 0 − → A, and this implies that a = c, since g is monic. So P(g) = kerP(f). If C has cokernels, then defining Φ{A, f, B} = Coker(f), we see that (Φ, P) is an adjoint pair. Conversely if Φ exists, then since A(C) has and Φ preserves cokernels, applying Φ to the exact sequence (1) and noting that ΦP = Id C , since P is fully faithful, we have that the cokernel of f : A − → B is Φ{A, f, B}. Dually for B(C).
Theorem 3.4. (1) Consider the triple T generated by the adjoint pair (A, I), where I : Coker → Idem is the inclusion. Then: (i) (C, F ) is a T −algebra iff C has cokernels and F = Φ; (ii) R : (C, F ) − → (D, G) is a morphism of T −algebras iff R preserves cokernels. The inclusion I is tripleable.
(2) Consider the triple T generated by the adjoint pair (B, J ), where J : Ker → Idem is the inclusion. Then: (i) (C, F ) is a T −algebra iff C has kernels and F = Ψ; (ii) S : (C, F ) − → (D, G) is a morphism of T −algebras iff S preserves kernels. The inclusion J is tripleable.
Proof. We prove the case of B(C). We denote by µ = B(B(C)) − → B(C), δ : Id Idem − → B the multiplication and the unit respectively, of the triple generated by the adjoint pair (B, J ); µ is given by µ C = J Ψ B(C) , where Ψ B(C) is the right adjoint of the full imbedding Q B(C) : B(C) − → B(B(C)), which exists since B(C) has kernels. The unit δ is given by δ = Q C . Suppose first that C has kernels. Then Ψ C exists and Ψ C Q C = Id C . It suffices to show that Ψ C B(Ψ C ) = Ψ C µ C = Ψ C Ψ B(C) . But this follows directly from the definitions and the fact that Ψ C preserves kernels by construction. Conversely suppose that (C, G) is an algebra for the triple considered. By Lemma 3.3 it suffices to show that G is a right adjoint of Q C . Choose an arbitrary [A, f, B] ∈ B(C), and apply G to the exact se- Remark 3.5. We use throughout additive categories with split idempotents. For the purpose of this paper this is not very essential. We can assume that C is an arbitrary category or a preadditive category or an additive category. Indeed if C is an arbitrary category, then we can consider the free preadditive category Z(C) over C, then the free additive category ⊕Z(C) over Z(C), and finally the idempotent completion | ⊕ Z(C) of ⊕Z(C). Then we can apply the constructions A, B to | ⊕ Z(C).
If an additive category D has enough projectives, resp. injectives, we denote by D = D/Proj(D), resp. D = D/Inj(D), the stable category of D modulo projectives, resp. injectives. We recall that the additive category C is called regular (in the sense of von Neumann) if for any morphism f : A − → B in C there exists a morphism g :
The category A(C), resp. B(C), has enough projectives, resp. injectives, and the functor P, resp. Q, induces an equivalence C ≈ Proj(A(C)), resp. C ≈ Inj(B(C)). C is regular iff P is an equivalence iff Q is an equivalence. If C, D are two categories (with split idempotents), then:
(2) There are equivalences: 
, and this means [a, b] = 0. By construction Tr is full and surjective on objects.
The opposite direction of the proof that Tr is well-defined shows that Tr is faithful, hence an equivalence.
Lemma 3.7. Let D be a category with cokernels (kernels), and F : C − → D an be additive functor. Assume D is a full subcategory closed under cokernels (kernels) of an abelian category E, such that any object in the image of F is a projective (injective) object of E. Let
is an equivalence iff F is fully faithful and any object of D is finitely ImF -presented (ImF -copresented).
Proof. If F ! is an equivalence, then F is fully faithful as the composition of fully faithful functors P, F ! , and by construction any object of D appears as a cokernel of a morphism F (A) − → F (B). Conversely it suffices to show that F ! is fully faithful. Let {a, b} : {A, f, B} − → {C, g, D} be a morphism in A(C), with F ! {a, b} = 0. By construction F ! {a, b} is the unique morphism in D with the property:
This means {a, b} = 0 and F ! is faithful. A similar argument shows that F ! is full, using that F is full.
Let (C, X) be a left (right) homotopy pair. In the additive category lex(X), resp. rex(X), we consider the full subcategory lex 0 (X), rex 0 (X), consisting of all diagrams A g − → B
f − → C, where f, resp. g, is split epic, resp. split monic. We denote by lex(X), rex(X) the induced stable categories. Let E X be the full subcategory of A(C) with objects the X−epics and M X be the full subcategory of B(C) with objects the X−monics. 
Proof. Considering the restriction of the functor A( ) : A(C) − → A(C/X) to E X , where : C − → C/X is the projection functor, we obtain a functor F : E X − → A(C/X). If {A, f , B} ∈ Let {a, b} : {A, f, B} − → {C, g, D} be a morphism in E X with F {a, b} = 0. Then there exists a morphism w : B − → C with w • g = b. This means that w • g − b factors through the morphism
• g and this means that {a, b} = 0. We conclude that F is faithful. Finally if {a, b} : {A, f , B} − → {C, g, D} is a morphism in A(C/X), then the morphism
This means that {a + z • t, b} : {A, f, B} − → {C, g, D} is a morphism in E X with the property F {a + z • t, b} = {a + z • t, b} = {a, b}. Hence F is full. We conclude that F is an equivalence of categories. Obviously the equivalence E X ≈ lex(X) induces an equivalence E X ≈ lex(X). The second part follows by duality.
We recall that a functor F : C op − → Ab is called finitely presented if there exists an exact sequence C(−, A) − → C(−, B) − → F − → 0. We denote the category of finitely presented functors by mod−C. If C is skeletally small, let Mod−C be the category of contravariant additive functors from C to the category Ab of abelian groups and let Lex(C op , Ab), resp. Rex(C op , Ab), be the full subcategories of kernel, resp. cokernel, preserving functors. The next result follows from Corollary 3.2 and Lemma 3.7. (ii) There are equivalences:
If Λ is an associative ring, we denote by P Λ the category of finitely generated projective right modules. By Corollary 3.9, A(P Λ ) ≈ mod−Λ is the category of finitely presented right Λ−modules and, using the well known duality
op . In this case the equivalence Tr of Proposition 3.6 is the Auslander-Bridger transpose duality functor between the stable categories mod−Λ, Λ−mod modulo projectives [5] .
For an abelian category C we denote by Sex(C) the stable category of the category Sex of short exact sequences, modulo the split short exact sequences. The following is a consequence of Lemma 3.7 and Proposition 3.8.
Corollary 3.10. If C is an abelian category with enough projectives, resp. injectives, then there are equivalences:
resp. C ≈ B(Inj(C)) and B(C/Inj(C)) ≈ Sex(C).
Coherence
An additive category C is called right (left) coherent iff C has weak kernels (weak cokernels), and is called coherent if C is left and right coherent. We recall that a weak kernel of a morphism f : A − → B in C is a morphism g : K − → A with g • f = 0, such that for any morphism h : X − → A with h • f = 0, there exists t : X − → K with t • g = h. Weak cokernels are defined as weak kernels in C op . 
Example 4.2. Let Λ, Γ be associative rings and P Λ , P Γ be the categories of finitely generated projective right modules over Λ, Γ. Since A(P Λ ) ≈ mod−Λ, and
op , it follows that the pair (P Λ , P Γ ) is Morita iff there exists a duality mod−Λ − → Γ−mod. We recall that a ring Λ is called a right Morita ring if Λ is right Noetherian and there exists a finitely generated injective cogenerator in Mod−Λ. It follows directly that Λ is right Morita iff Λ is right Noetherian and P Λ is a right Morita category. The category P Γ is dualizing iff there exists a duality Γ−mod − → mod−Γ. Hence if Λ is a Quasi-Frobenius ring, QF-ring for short, or an Artin algebra, then the category P Λ is dualizing. Example 4.4. If C is a dualizing R−variety in the sense of [6] , then it is easy to see that C is a dualizing category. Note that important examples of dualizing R−varieties are the categories of finitely generated projective right modules and the category of finitely generated right modules over an Artin algebra. (2) An additive category C is right, resp. left, Morita iff C is right, resp. left, coherent and A(C), resp. B(C), has enough injectives, resp. projectives.
The same is true for B(C).
(4) If C has kernels, resp. cokernels, then: gl.dimA(C) = 1, resp. gl.dimB(C) = 1, iff C is not semisimple abelian and for any morphism f : A − → B in C, ker(f), resp. coker(f), is split monic, resp. epic.
(6) The category C has kernels, resp. cokernels, iff the category A(C), resp. B(C) is abelian and gl.dimA(C) 2, resp. gl.dimB(C) 2.
Proof. (1), (2) For a proof of (1) we refer to [20] . If C is right coherent and A(C) has injectives then by (1), A(C) is abelian and if D is the full subcategory of injectives, then by Corollary
we have A(C) ≈ B(D). Conversely if C is right Morita and A(C) ≈ B(D), then since B(D)
has kernels and injectives the same is true for A(C). Then C is right coherent, since trivially A(C) has kernels if and only if C has weak kernels. The parenthetical case is dual. (3) If gl.dimA(C) = 0, then any object in A(C) is projective, so by Proposition 3.6, P :
Hence {A, f, B} is projective, and gl.dimA(C) = 0. The last assertion follows from Proposition 3.6(1).
(4) If C has kernels then A(C) is abelian by (1) . Suppose that gl.dimA(C) = 1, and let 0 = {A, f, B} ∈ A(C). If g : K − → A is the kernel of f, since P preserves kernels, the following is a projective resolution of {A, f, B}:
Since gl.dimA(C) = 1, the first syzygy of {A, f, B} which as easily seen is {K, g, A}, is projective. Hence ∃h :
This implies that {K, g, A} is projective. Hence p.d{A, f, B} 1, and since A(C) is not semisimiple, gl.dimA(C) = 1.
(5) Follows easily from (4) . (6) If C has kernels then by (1), A(C) is abelian and the proof of (4) shows that gl.dimA(C) 2. Conversely if A(C) is abelian and gl.dimA(C) 2, then obviously the morphism g in the projective resolution (1) of part (4) above, is the kernel of f since P is fully faithful. Dually for B(C).
¿From the above Proposition and Lemma 3.3, we have directly the following. Corollary 4.6. An additive category C has kernels and cokernels iff C is the full reflective (coreflective) subcategory of all projective (injective) objects of an abelian category D with enough projectives (injectives) and gl.dimD 2.
Suppose now that f : A − → B is a morphism in the additive category C. A weak kernel sequence over f is a complex in C:
in which each morphism is a weak kernel of the next. Dually a weak cokernel sequence under f is a complex in C:
in which each morphism is a weak cokernel of the preceding.
(3) If C is right (left) coherent with cokernels (kernels), then the left (right) adjoint Φ :
Proof. (1) Since any projective in A(C) is of the form P(X), it is enough to prove that
which is exact by the definition of weak kernels.
is acyclic, from which the assertion follows. Part (3) is trivial.
Using the complexes
• , we see easily that the syzygy objects and the cosyzygy objects of {A, f, B} ∈ A(C), [C, g, D] ∈ B(C) are respectively:
If
C is left coherent then B(C) is abelian, hence by the universal property of A(C), there exists a unique cokernel preserving functor Q ! : A(C) − → B(C) with Q ! P = Q. If C is right coherent then A(C) is abelian, hence there exists a unique kernel preserving functor P * : B(C) − → A(C) such that P * Q = P. In case C = P Λ , we have: Λ is right coherent iff P Λ has weak kernels, and Λ is left coherent iff P Λ op has weak kernels iff P Λ has weak cokernels. Then we have identifications Q ! = Hom Λ (−, Λ) : mod−Λ − → Λ−mod and P * = Hom Λ (−, Λ) : Λ−mod − → mod−Λ, and the sequences of the next Corollary are generalizations of well known exact sequences in case C = P Λ (see [5] ).
Corollary 4.8. We have an adjoint pair (Q ! , P * ), exact sequences:
and natural isomorphisms:
, ∀n 1, where we view the objects R n P * (?), L n Q ! (?) as objects of mod−C, C−mod respectively, under the equivalences of Corollary 3.9.
Proof. Consider arbitrary objects {A, f, B} ∈ A(C), [C, g, D] ∈ B(C). By the construction of Q ! , P * , we have exact sequences:
Applying to (4.5) the functor P * we have the complex:
so there exists a unique morphism δ :
, and the cokernel of the induced morphism
. It is easy to see that ε, δ are natural and ε is the counit and δ is the unit of an adjoint pair (
B} is the homology of the complex:
− → 0 which is isomorphic to the complex above, using the duality B(C)
If C is a coherent category, consider the full subcategories
consisting of the reflexive objects. Then we have inclusions Proj(A(C)) ⊆ Refl(A(C)) and Inj(B(C)) ⊆ Refl(B(C)), and the adjoint pair (Q ! , P * ) induces inverse equivalences
Corollary 4.9. Suppose that C is a coherent category.
(i) Q ! is exact ⇔ P * is full and faithful ⇔ any projective in A(C) is injective ⇔ Refl(B(C)) = B(C) ⇔ any morphism in C is a weak cokernel.
(ii) P * is exact ⇔ Q ! is full and faithful ⇔ any injective in B(C) is projective ⇔ Refl(A(C)) = A(C) ⇔ any morphism in C is a weak kernel. (iii) P * , Q ! are exact ⇔ P * , Q ! are equivalences ⇔ the abelian categories A(C), B(C) are Frobenius ⇔ A(C) = Refl(A(C)) and Refl(B(C)) = B(C) ⇔ any morphism in C is a weak kernel and a weak cokernel.
Proof. (i) Suppose that Q
! is exact, let f : A − → B be a morphism in C, and let g : K − → A be a weak kernel of f. Then P(K)
is exact; then since Q ! is exact and
is exact. This means that f is a weak cokernel of g. Conversely if any morphism in C is a weak cokernel, let {A, f, B} ∈ A(C) and consider the projective resolution K • f − → {A, f, B} − → 0 arising from a weak kernel sequence K • f over f. Applying to this resolution the functor Q ! , we obtain the complex ( * ):
. Since any morphism in C is a weak cokernel, let h : X − → A be a morphism in C with f as a weak cokernel.
Then g factors through f since f is a weak cokernel of h, and this means that f is a weak cokernel of its weak 
In particular Sex(C) is abelian. If C has enough projectives and injectives, then: 
≈ B(B(D)). Similarly we have an equivalence: A(B(D)) ≈ B(A(C)).
For any morphism f :
Then the canonical analysis of f, induces the following functorial exact sequences in A(C) and B(C):
where
Corollary 4.12. The category A e (C) is coreflective in A(C). If C has enough projectives, then A e (C) is also reflective. The category B m (C) is reflective in B(C). If C has enough injectives, then B m (C) is also coreflective.
Proof. The exact sequences (4.7), (4.8), imply trivially that
Suppose that C has enough projectives. If {A, f, B} ∈ A(C), let p : P − → B be an epimorphism with P projective. Then the object {A ⊕ P, t (f, p), B} belongs to A e (C) and the morphism
By Corollary 3.9, the categories involved in Corollary 4.10 are equivalent to the module categories mod−(C/Proj(C)) and ((C/Inj(C))−mod)
op . Hence all these categories are abelian with enough projectives and injectives, and using these equivalences we know their projective and injective objects. In particular if C is Frobenius then the same is true for any one of the these categories.
The following result is a relative version of Corollary 4.10. Proof. (1) If C is skeletally small, then using functor categories the result follows from [7] . We sketch a different proof in the general case. Since X is contravariantly finite in C and C is right coherent it follows easily that X and C/X are right coherent. Hence A(C), A(X) and A(C/X) are abelian. Let A ∈ C; then using the existence of weak kernels and the contravariant finiteness of X in C, one can construct an X−exact complex X 1 A
the complex becomes exact when we apply to it the functor C(X, −), for any X ∈ X). Using this complex, define a functor
is abelian, by the universal property of A(C), there exists a unique right exact functor F : A(C) − → A(X) with F P C = F 0 . It is not difficult to see that F 0 sends weak kernel sequences in C to exact sequences in A(X), hence by Proposition 4.5, F is exact. Moreover F G = Id A(X) , where G : A(X) − → A(C) is the right exact functor induced by the inclusion X → C. Then A(C)/KerF ≈ A(X) by [7] . Finally we see easily that KerF is the full subcategory of A(C) consisting of the X−epics in C. By Corollary 4.10, KerF is equivalent to A(C/X). Part (2) follows by duality.
Corollary 4.14. Let C be a right Morita (left Morita) category and let X be a contravariantly (covariantly) finite subcategory of C. Then X and the stable category C/X are right Morita (left Morita) categories.
Proof. If C be a right Morita and X is contravariantly finite then X is right coherent. Since A(C) has injectives, and since by the previous Proposition A(C/X) is a localizing subcategory of A(C) with quotient A(X), we have that A(X) has injectives. If C is left Morita and X is covariantly finite then C op is right Morita and X op is contravariantly finite in C op . Hence X op is right Morita and consequently X is left Morita. The case of C/X is left to the reader.
We close this section studying when a Freyd category is a module category. We recall that an object A ∈ C is called compact [36] if the functor C(A, −) : C − → Ab preserves all small coproducts. An object U ∈ C is called a split generator if for any morphism f : A − → B in C, C(U, f) is epic implies that f is split epic. Proposition 4.15. For an additive category C, the following are equivalent:
(1) A(C) is a (functor) module category.
(2) C is right coherent with coproducts and a (set of) compact split generator(s). If (1) or (2) is true, then there exists a ring Λ and an equivalence C ≈ Proj(Mod−Λ).
Proof. (1) ⇒ (2) If there exists an equivalence A(C) ≈ Mod−U, then we have trivially C ≈ Proj(Mod−U). Hence the properties described in (2) are true.
(2) ⇒ (1) The right coherence of C implies that A(C) is abelian. Since C has coproducts, the same is true for A(C) (the naive construction of coproducts in A(C) works). Hence A(C) is a cocomplete abelian category. If U is a set of compact objects in C, then P(U) is a set of compact projective objects in A(C). It is easy to see that if moreover U consists of split generators, then P(U) consists of generators in A(C). By [19] , we have an equivalence A(C) ≈ Mod−U.
Tensor Products
We fix objects {A, f, B} ∈ A(C) and [C, g, D] ∈ B(C), where C is any additive category. For any X ∈ C, setting F [C,g,D] (X) = Coker(g, X) and F {A,f,B} (X) = Coker(X, f), we obtain additive functors In this way we obtain a tensor product bifunctor − ⊗ C − : A(C) × B(C) op − → Ab between the Freyd categories A(C), B(C) and by definition we have: g, B) ).
Remark 5.1. In case C is (skeletally) small and D is cocomplete abelian, then using the fact that in Mod−C, C−Mod any object is a direct limit of finitely presented objects, and also using the equivalences mod−C ≈ A(C), C−mod ≈ B(C) op , one can define easily the tensor product functors 19] . Conversely the tensor product of [19] in case D = Ab, restricted to finitely presented functors coincide with the tensor product of the Freyd categories constructed above.
We are interested in case the Freyd categories A(C), B(C) are abelian. So from now on we assume that the additive category C is coherent. In this case ∀{A, f, B} ∈ A(C), ∀[C, g, D] ∈ B(C) the derived functors
are defined, and is easy to see that the bifunctor − ⊗ C − is left balanced, hence the bifunctor T or
op − → Ab, ∀i 0, is defined. The flat objects (i.e. the − ⊗ C − acyclic objects) in A(C), B(C) are obviously the projectives, injectives objects respectively. 
Proof. The proof is standard and is left to the reader. Let Ω be the syzygy functor in A(C) and Σ be the cosyzygy functor in B(C). 
. By induction and dimension-shifting we get the isomorphism of part (1) . Applying the functor − ⊗ C Q ! (Y ) to the projective presentation 0 − → Ω(X) − → P(B) − → X − → 0 and using Lemma 5.2, we have the commutative diagram
where the vertical morphisms are the natural morphisms of Lemma 5.2; in particular d is an isomorphism. Then using the snake Lemma and Lemma 5.2, we have:
. From these isomorphisms it follows that for the natural morphisms ψ X,Y :
and
The desired exact sequence follows from the previous Lemma. The proof of part (2) is dual and part (3) is similar to (1).
Corollary 5.6. If C is a coherent category, then: gl.dimA(C) = gl.dimB(C).
Proof. Suppose first that gl.dimB(C) = n < ∞. Then T or C n+1 (−, −) = 0, and by Proposition 5.5 we have, ∀X ∈ A(C):
So Ω n+2 (X) is projective and this means gl.dimA(C) = m n + 1. Suppose that m = n + 1. Then there exists X ∈ A(C) with Ω n+1 (X) non projective. Hence A(C)(Ω n+1 (X), Ω n+1 (X)) = 0. But this last group is isomorphic by Theorem 5.3, to T or
) which is trivial since gl.dimB(C) = n. Hence m = n + 1. We conclude that gl.dimA(C) = m n = gl.dimB(C). By duality gl.dimB(C) gl.dimA(C). Hence gl.dimA(C) = gl.dimB(C). This completes the proof observing that by the above arguments gl.dimA(C) = ∞ ⇔ gl.dimB(C) = ∞. 
Free Abelian and Auslander Categories
Suppose that C is an additive category. A free abelian category over C is a pair (F, F ) consisting of an abelian category F , and an additive functor F : C − → F, satisfying the following universal property: ( †) for any additive functor G : C − → D to an abelian category D, there exists a unique exact functor G : F − → D, such that: G F = G.
Theorem 6.1. Let C be an additive category.
(1) The Freyd categories AB(C), BA(C) are abelian with enough projectives and injectives, and the pair (B(C), A(C)) is Morita, hence there is an equivalence:
(2) If F (C) := AB(C), then gl.dimF (C) = 0 or 2, and the first alternative appears iff C is semisimple abelian, in which case: C ≈ F(C).
(4) F (C) is the free abelian category over C. Every abelian category is a Gabriel-quotient of the free abelian category over its underling additive category.
(5) The additive category C is fully imbedded in F (C) as the full subcategory of projectiveinjective objects of F (C), via the functors
Proof. Consider the full imbeddings:
¿From section 4, AB(C), BA(C) are abelian with enough projectives and injectives. If F : C − → D is an additive functor to an abelian category, then by section 3 there exists a unique kernel preserving functor F * : B(C) − → D, with F * Q C = F , and a unique cokernel preserving functor (
preserves kernels, obviously (F * ) ! is exact. Let G : AB(C) − → D be another exact functor with GP B(C) Q C = F . Then since P B(C) preserves kernels, by the universal property of Q C , we have GP B(C) = F * , hence (GP B(C) ) ! = (F * ) ! . Since G is exact we can see easily that (GP B(C) ) ! {A, f, B} = Coker(GP B(C) (f)) = GCoker(P B(C) (f)) = G{A, f, B}, ∀{A, f, B} ∈ AB(C), so (F * ) ! = (GP B(C) ) ! = G. We conclude that the pair (P B(C) Q C , AB(C)) is the free abelian category over C. A similar argument shows that the pair (Q A(C) P C , BA(C)) is the free abelian category over C. Hence there exists a unique equivalence D : AB(C) − → BA(C), with DP B(C) Q C = Q A(C) P C . In particular the pair (B(C), A(C)) is Morita. We set F (C) := AB(C). Since B(C) has kernels gl.dimF (C) 2. If gl.dimF (C) = 1, then any kernel in B(C) splits by Proposition 4.5. In particular [1 A , 0] : [A, f, B] − → Q C (A) splits. As we have seen this implies that Q C , P C are equivalences. Hence C ≈ F(C) is semisimple abelian, and this is not the case. Thus gl.dimF (C) = 1. By Proposition 4.5, gl.dimF (C) = 0 iff C is semisimple abelian in which case C ≈ F(C). Using Proposition 3.6, we have:
op . Let now C be abelian. Then we have the adjoint pairs (Q C , Ψ C ), (Φ B(C) , P B(C) ). Since Ψ C , Φ B(C) are exact and Q C , P B(C) are fully faithful, KerΦ B(C) is a localizing subcategory of F (C), KerΨ C is a colocalizing subcategory of B(C), and F (C)/KerΦ B(C) ≈ B(C), B(C)/KerΨ C ≈ C, see [39] . Since Ψ C Φ B(C) P B(C) Q C = Id C , we have by [7] that F (C)/KerΨ C Φ B(C) ≈ C.
Finally we prove that the functor P B(C) Q C realizes C as the full subcategory W of projectiveinjective objects of F (C). Clearly we have inclusions Im(P B(C) Q C ) ⊆ Proj(AB(C)) and Im(Q A(C) P C ) ⊆ Inj(BA(C)). Using the unique equivalence D : AB(C) ≈ BA(C) with the property DP B(C) Q C = Q A(C) P C , we deduce directly that Im( P B(C) Q C ) ⊆ Proj(AB(C)) ∩ Inj(AB(C)) = W. Now if X ∈ W, then X is of the form X = P 
is also split monic. Hence [A, f, B] ∈ Im(Q C ) and X ∈ Im(P B(C) Q C ). We conclude that Im(P B(C) Q C ) = W.
The following describes a relative version of the above Theorem.
Remark 6.2. Let C be an exact category in the sense of Quillen [40] . Let F C := P B(C) Q C : C → F (C) be the full embedding of C in its free abelian category and consider the full subcategory L := {F ∈ F(C) | there exists an exact sequence F C (B)
in F (C), where f : B − → C is an admissible epic in C} Using the axioms of an exact category, it is not difficult to see that L is a Serre subcategory of F (C). Consider the composite functor E :
where π is the (exact) quotient functor. We leave to the reader to check that the functor E is fully faithful and embedds C as an extension closed subcategory of F (C)/L. Moreover a sequence A − → B − → C is an admissible short exact sequence in C iff 0 − → E(A) − → E(B) − → E(C) − → 0 is a short exact sequence in F (C)/L. If H : C − → H is an exact functor to an abelian category H, i.e. H sends admissible short exact sequence in C to short exact sequences in H, then its unique exact extension H 3 : F (C) − → H via F C , kills the objects of the Serre subcategory L. Hence there exists a unique exact functor
It follows that the functor E : C − → F(C)/L is the universal exact functor out of C to an abelian category. If C carries the minimal exact structure, then L = 0 and we recover part 4 of Theorem 6. Let Add be the category of additive categories and additive functors, and Abel be the category of abelian categories and exact functors. Copying the arguments of the proof of Theorem 3.4, we have the following result of [1] .
Corollary 6.4. The forgetful functor U : Abel − → Add is tripleable and admits as a left adjoint the functor F := AB : Add − → Abel. Further (C, F ) is a T −algebra for the triple T generated by (F , U) iff C is an abelian category and
If Cat is the category of (small) categories and functors, then by the above Corollary and Remark 3.5, the forgetful functor V : Abel − → Cat has a left adjoint, which is obtained as the composition of the following five functors Cat If D is abelian, we denote by Ex(D, Ab) the category of exact functors from D to the category of abelian groups. A direct consequence of Theorem 6.1 is the following.
Corollary 6.5. For any additive category C there are equivalences:
Let H be an abelian category with enough projectives and injectives. We say that H has dominant dimension n, denoted by dom.dimH n, if the first n−terms of an injective resolution of any projective object are projective.
Recognizing free abelian categories we have the following. Theorem 6.6. For any category F , the following are equivalent:
(1) F is a free abelian category.
(2) F op is a free abelian category.
(3) F is an abelian category with enough projectives and injectives, and moreover:
gl.dimF 2 and dom.dimF 2.
If F is free abelian, then F ≈ F(C), where C is the full subcategory of projective-injective objects. Moreover either gl.dimF = 0 or gl.dimF = 2 = dom.dimF .
Proof. 
are projective-injective objects. Since any projective object of F is in the image of P B(C) , we have dom.dimF 2.
(3) ⇒ (1) Let C be the full subcategory Proj(F ) ∩ Inj(F ) of projective-injectives in F , and let J : C → F be the inclusion. Consider the unique exact functor J : F (C) − → F , with J (P B(C) Q C ) = J . We recall from the proof of Theorem 6.1, that J = (J * ) ! , where J * : B(C) − → F is the unique kernel preserving functor, with J * Q C = J , and J = (J * ) ! : F (C) − → F is the unique cokernel preserving functor, with J P B(C) = J * . Since by construction J * [A, f, B] = Ker(f), and since C ⊆ Inj(F ), it is trivial to see that J * is fully faithful, and Im(J * ) consists of all objects X ∈ F having a copresentation 0 − → X − → A − → B, with A, B ∈ C. Since gl.dimF 2, we have Im(J * ) ⊆ Proj(F ). Since dom.dimF 2, we have Proj(F ) ⊆ Im(J * ). Hence Proj(F ) = Im(J * ). Identifying B(C) = Im(J * ), Corollary 3.10 shows that J is an equivalence.
If F is not semisimple, then by Theorem 6.1, gl.dimF = 2. If dom.dimF 3, then the last term of an injective resolution of any projective object of F is projective-injective. Hence the injective resolution splits and any projective object of F is injective. This implies trivially that gl.dimF = 0 and this is not the case. Hence gl.dimF = 2 = dom.dimF , if F is not semisimple.
(1) ⇔ (2) Follows from the equivalence F (C op ) ≈ F(C) op .
¿From now on we rename free abelian categories and we call them Auslander categories. This terminology is justified by the fact that an Artin algebra Λ is called an Auslander algebra iff gl.dimΛ 2 and dom.dimΛ 2, i.e. iff mod−Λ is an Auslander category [8] . Thus we see that Auslander categories are universal objects: they are precisely the free abelian categories, and there are enough of them: any additive category is embedded in its Auslander category.
Hence there exist a duality between the Auslander categories of the categories of finitely generated projective left and right modules. But F (P Λ ) op ≈ (mod−Λ)−mod and F (P Λ ) ≈ (Λ−mod)−mod. So there exists a duality between the Auslander categories (Λ−mod)−mod, (mod−Λ)−mod. The existence of this last duality is a result of [27] ; its explicit description is left to the reader. (3) It is easy to see that if C is AB4 or AB4 * , then so is F (C). However if C is AB5, then F (C) is AB5 only if C is spectral, i.e. if any short exact sequence in C splits.
If X is an object in an additive category C, then we define the Auslander category F (X) over X to be the Auslander category F (add(X)), where add(X) is the full subcategory of C consisting of all direct summands of finite direct sums of copies of X. An arbitrary additive category C is called representation finite iff C has a representation generator, i.e. an object X such that C = add(X). Consider now the following classes of abelian categories:
S is the class of equivalence classes of (representation-finite) abelian categories C with enough injectives, such that Inj(C) is right coherent.
R is the class of equivalence classes of (representation-finite) abelian categories C with enough projectives, such that Proj(C) is left coherent.
T is the class of equivalence classes of Auslander categories F , such that Inj(F ) ∩ Proj(F ) is coherent (and Proj(F ) is representation finite).
The next result generalizes the well-known correspondence between Morita equivalence classes of representation-finite Artin rings and Auslander Artin rings, see [2] , [3] . 
We deduce that χ is the inverse of ψ. The other part follows similarly.
We close this section by introducing a new dimension for an abelian category. From now on C will denote an abelian category. Let F C := P B(C) Q C : C − → F(C) be the full embedding realizing C as the full subcategory of projective-injective objects in its free abelian category. Then the functor Q C admits an exact right adjoint Ψ C : B(C) − → C with kernel B m (C), and the functor P B(C) : AB(C) − → B(C) admits a left adjoint Φ B(C) : AB(C) − → C with kernel A e (B(C)). From now on we set Ω(C) := A e (B(C)) ≈ B m (A(C)) and R C := Ψ C Φ B(C) , so that we have a short exact sequence of abelian categories
which we call a free presentation of the abelian category C. Since Ω(C) is again an abelian category the above procedure can be continued. In this way we obtain free presentations:
for any n 0, where Ω 0 (C) := C and F 0 (C) = F (C). Splicing the above exact sequences of abelian categories we obtain the following diagram
where each F n (C) is free abelian and each F n : F n (C) − → F n−1 (C) is an exact functor with image the abelian category Ω n (C). We call the above diagram a free resolution of the abelian category C. The above considerations suggest that the following concept should be useful.
Definition 6.10. The Auslander dimension Dim A C of an abelian category C is the smallest integer n such that Ω n (C) is free abelian. If no such integer exists, then we set Dim A C = ∞.
Observe that by construction we have the folowing exact commutative diagram of abelian categories and exact functors: It is easy to see that Dim A C = 0 iff gl.dimC = 0. We refer to [14] for a discussion of the Auslander dimension of an abelian category C and its connection with the Krull-Gabriel dimension of C and the representation dimension in the sense of [2] .
Modules over the Freyd Categories
Throughout this section we assume that C is a skeletally small additive category.
Flat and FP-Injective Functors
Let WK(C op , Ab), resp. WC(C op , Ab), be the full subcategory of Mod−C consisting of all functors sending weak-kernel, resp. weak-cokernel, sequences to exact sequences. The categories WK(C, Ab), WC(C, Ab) are defined dually. We recall [46] that a right C−module F is called FP-injective iff Ext 1 (G, F ) = 0, ∀G ∈ mod−C. We denote by FPInj(Mod−C), resp. Flat(Mod−C), the full subcategory of FP-injective, resp. flat functors [37] . 
It is easy to see that Ker( P) = Mod−A(C), Ker( Q) = B(C)−Mod which are localizing subcategories and Ker( P) = A(C)−Mod, Ker( Q) = Mod−B(C) which are colocalizing subcategories. In particular we have the following exact sequences of Grothendieck categories:
(2) If C is right coherent there are equivalences
(3) If C is left coherent there are equivalences
Proof.
(1) The first equivalences hold since the functors R, L, R, L are fully faithful. The second are true because of Corollary 3.9. The remaining equivalences of (1) as well as of (2) follow from Proposition 7.1, if we replace C by its Freyd categories.
Remark 7.3.
(1) There are equivalences:
(2) For an additive category C, let −→ (C−Mod, Ab) be the category of functors commuting with direct limits and products. Let F (C) be the Auslander category of C. If C has weak cokernels, then it follows from [31] that we have an equivalence
(3) We observe that the Freyd categories are such that the flat, FP-injective modules over them are abelian and reflective, coreflective respectively in their whole module categories. The results of the next subsection generalize these observations.
Definable and Homologically Finite Subcategories
We recall [43] that a short exact sequence in the functor category Mod−C is called pure if any finite presented functor is a relative projective for it. A monic in a pure exact sequence is called a pure monic. Let H ⊆ Mod−C be a full subcategory. Following [32] , H is called definable if H is closed under direct limits, products and pure subobjects. In the following we set ℵ(C) to be the cardinality of the set Iso(C) of isomorphism classes of objects of C. Also if M ∈ Mod−C, we denote by |M | the cardinality of X∈Iso(C) M (X). Proof. In [34] it is proved that there exists a subobject T of M which contains N and satisfies |T | max{ℵ 0 , ℵ(C), |M |}. Following the inductive construction of T in [34] , it is not difficult to see that we can choose T to be a pure subobject of M . Proposition 7.5. Let H be a full additive subcategory of Mod−C, closed under direct limits and pure subobjects. Then H is definable iff H is covariantly finite.
Proof. (⇐) Let H be covariantly finite and let {H i ; i ∈ I} be a family of objects of H. Let φ : i∈I H i − → H be a left H−approximation. Then the projections p i : i∈I H i − → H i factor through φ, i.e. there are morphisms ψ i : H − → H i such that φ • ψ i = p i , ∀i ∈ I. Let ψ : H − → i∈I H i be the unique morphism such that ψ • p i = ψ i . It follows directly that φ • ψ = 1 i∈I Hi , so i∈I H i is a direct summand of H ∈ H. Since H is closed under direct limits, H is closed under direct summands. Hence i∈I H i ∈ H and H is closed under products. It follows that H is definable.
(⇒) Let H be definable and fix M ∈ Mod−C. If α : M − → H is a morphism with H ∈ H, by the above Lemma, there exists a pure subobject
Since H is definable, the object H M is in H and there exists a canonical morphism ω : M − → H M . By construction ω is a left H−approximation.
Before we prove our first main result of this section we need to recall some well-known concepts. Recall from [24] that a Grothendieck category G is called locally Noetherian, resp. locally Artinian, resp. locally finite, if G has a set of generators consisting of Noetherian, resp. Artinian, resp. finite length, objects. Let G be an additive category with direct limits. An object A ∈ G is called finitely presented if the functor G(A, −) : G − → Ab commutes with direct limits. We denote by f.p.(G) the full subcategory of finitely presented objects. Recall from [16] that an additive category G is called locally finitely presented if G has direct limits, f.p.(G) is skeletally small and any object of G is a direct limit of finitely presented objects. By [16] , an additive category G is locally finitely presented iff G ≈ Flat (Mod−(f.p.(G)) . A Grothendiek category G is called locally coherent, if G is locally finitely presented and the full subcategory of finitely presented objects form an abelian category. Finally recall from [42] that a functor category is called perfect, if any flat functor is projective.
Parts (2) and (4) of the following result generalizes results of [18] .
The following are equivalent: (α) C is left coherent (has cokernels).
The following are equivalent:
(α) Mod−C is perfect and C is left coherent (C has cokernels). Proof.
(1) Since FPInj(Mod−C) is closed under products and pure subobjects, the proof of Proposition 7.5, shows that FPInj(Mod−C) is covariantly finite.
(2) (α) ⇔ (γ) Since obviously Flat(Mod−C) is closed under direct limits and pure subobjects, it follows that Flat(Mod−C) is definable iff Flat(Mod−C) is closed under products and by [37] , this happens iff C is left coherent. Hence the assertion case follows from Proposition 7.5. To prove the parenthetical case of part (α) ⇔ (γ), we proceed as follows (for a different proof see [16] ). If Flat(Mod−C) is a reflective subcategory, then clearly Flat(Mod−C) has cokernels. Let f : A − → B be a morphism in C and consider the finitely presented func- 
Since M f is a finitely presented, the functor (M f , −) commutes with filtered colimits. It follows directly that the canonical morphism lim
Hence F is a finitely presented object in the locally finitely presented category Flat(Mod−C). Hence by [16] it is representable, so F = C(−, C). By Yoneda there exists a morphism g : B − → C such that C(−, g) = c f • τ . It follows directly the g is the cokernel of f in C. Hence C has cokernels.
Conversely assume that C has cokernels. We first show that Flat(Mod−C) has cokernels. Let α : F − → G be a morphism in Flat(Mod−C). It is well-known that we can write F = lim
Since direct limits are exact, the sequence lim 
Since is epic, we have f = τ • g. Clearly g is the unique morphism with this property. This shows that Flat(Mod−C) is reflective in Mod−C.
(α) ⇔ (δ) We prove only the parenthetical case. First suppose that C has cokernels. Then according to Proposition 7.1, M is FP-injective iff M preserves cokernels. It follows directly that the cokernel of a morphism between FP-injective functors is FP-injective. Since FPInj(C−Mod) is closed under coproducts, it follows easily that FPInj(C−Mod) has colimits and the inclusion I : FPInj(C−Mod) → C−Mod preserves them. A cardinality argument as in [19] 
has cokernels, D(F 2 ) is FP-injective. Using Proposition 7.1 we see that F 2 is flat. This implies that w.gl.dimC−Mod 2 or equivalently that for the abelian category B(C) we have gl.dimB(C) 2. Then by Proposition 4.5, C has cokernels. Finally the equivalence (α) ⇔ (β) follows from the fact that C−mod ≈ B(C) op which is abelian iff C is left coherent. (3) If Proj(Mod−C) is covariantly finite, then as in the proof of Proposition 7.5, it follows that Proj(Mod−C) is closed under products. By Chase's Theorem (which by standard arguments is true in our setting), C is left coherent and Mod−C is perfect. Conversely if Mod−C is perfect and C has weak cokernels, then the assertion follows from (2) since any flat module is projective.
(4) If Mod−C is locally Noetherian, then C is right coherent and the injective modules coincide with the FP-injective ones. So by (2), Inj(Mod−C) is contravariantly finite. Conversely if this holds, then it is easy to see that Inj(Mod−C) is closed under coproducts. Hence by [24] , Mod−C is locally Noetherian. The parenthetical case is easy and is left to the reader.
Auslander Categories, the Abelianness of Flat Functors and Consequences
We recall that Mod−C has weak dominant dimension greater or equal than n, notation w.dom.dimMod−C n, if in any injective resolution of any flat module, the first n terms are flat. The next result generalizes results of Stauffer [45] and answers a question of Simson [43] , see also [25] for a similar result obtained indepedently. 
Since β is an essential monic, δ is monic. Hence E(G) is a direct summand of E(F ). By condition (c), E(F ) is flat; hence E(G) is flat. We conclude that W is closed under injective envelopes. Obviously W is closed under subobjects and since any product of flat functors is flat, W is closed under products. Using that W is also closed under injective envelopes, it is easy to see that W is also closed under extensions. Hence W is the torsion free subcategory of a torsion theory (T , W) in Mod−C, in which the torsion part T is a localizing subcategory of Mod−C, (see [39] ), and in which obviously any flat-injective is a T −closed object. Since any flat module has weak dominant dimension greater or equal to two, we have by [39] , that any flat module is a T −closed object. Now let F be a T −closed object. Then obviously F ∈ W, hence there exists a short exact sequence (1) If Flat(Mod−C) is abelian then, as observed above, Flat(Mod−C) is in fact a Grothendieck category which is a Giraud subcategory of Mod−C. It follows that Inj(Flat(Mod−C)) consists of all flat-injective modules by [47] .
As a direct consequence of the above result we have the following, see also [44] . are mutually inverse bijections between skeletally small, resp. Noetherian, abelian categories and locally coherent, resp. locally Noetherian, Grothedieck categories.
Proof. This follows from our previous results and the fact that if Flat(Mod−C) is locally coherent, then C ≈ f.p. (Flat(Mod−C) ) is abelian.
If C is a locally finitely presented, then following [41] , [31] , the conjugate category of C is The next result generalizes parts of a theorem of Tachikawa [48] .
Corollary 7.11. The following statements are equivalent: (i) Proj(Mod−C) is an abelian category.
(ii) Mod−C is a perfect Auslander category.
If condition (i) or (ii) is true, then Proj(Mod−C) is a Grothendieck category.
Proof. If Proj(Mod−C) is an abelian category, then using the same arguments as in the previous Theorem, we have that Proj(Mod−C) is a reflective subcategory of Mod−C. Hence by Theorem 7.6, Mod−C is perfect. By Theorem 7.7, Mod−C is a perfect Auslander category. The converse also follows from Theorem 7.7.
For the notion of pure semisimplicity we refer to [43] . As an easy consequence we have the following result of Auslander [3] . 
op , where {X 1 , ..., X n } is a complete set of non-iso-morphic indecomposable finitely presented right Λ−modules.
Combining Corollaries 7.11 and 7.12 with the above result we have the following. Corollary 7.14. There is up to equivalence a bijective correspondence between locally finitely presented pure semisimple abelian (Grothendieck) categories and perfect Auslander module categories. The correspondence is given by:
This correspondence induces a bijection between Morita equivalence classes of rings of finite representation type and Artinian Auslander rings.
For any additive category C we denote by Ind(C) the category of Ind-objects over C and by Pro(C) the category of Pro-objects over C [26] , [45] . It is well known that Ind(C) ≈ Flat(Mod−C) and Pro(C) ≈ Flat(C−Mod) op , so there exists a duality Pro(C) op ≈ Ind(C op ) = Ind(C). Hence Theorem 7.7 gives necessary and sufficient conditions for Ind(C) to be an abelian (Grothendieck) category. Moreover we have the following consequence. are mutually inverse bijections between skeletally small, resp. Artinian, abelian categories and locally coherent, resp. locally Noetherian, categories.
Remark 7.17. If C is an abelian category, then by Theorem 7.7 the Ind-category Ind(C) is abelian. If moreover C is Noetherian then by an old result of Oort, see [38] , the inclusion C → Ind(C) induces bijections Ext 
Dual remarks are applied for functors between Noetherian categories, see [29] .
This procedure can be used to define "right derived" functors of additive functors F : C − → Ab, in case the additive category C satisfies the conditions of Theorem 7.7, since any such F extends uniquely via the inclusion C → Ind(C), to an additive functor F ! : Ind(C) − → Ab which commutes with filtered colimits. Since Ind(C) is a Grothendieck category, the sequence of right derived functors R * F ! exists, and we can consider the composite C → Ind(C) Another direct consequence of Theorems 7.6, 7.7, Corollary 7.15 and its dual, is the following classical result which leads to the full imbedding theorem. More generally any additive category C which satisfies the conditions of Theorem 7.7, resp. of Corollary 7.15, admits a full embedding into a module category, which preserves the existing exact structure.
We close this section showing that in case C is coherent, the abelianness of the category of flat modules over C is a symmetric condition, see also [44] . The proof of (ii) ⇔ (iv) follows by duality and the proof of (iii) ⇔ (iv) follows by our previous results. ¿From Corollaries 7.9 and 7.11, we have the following, see also [44] for a related result. (i) Mod−C is an Auslander category.
(ii) C−Mod is an Auslander category.
We leave to the reader to state and prove the analogous results of Corollary 7.9, Theorem 7.11, for the case of FP-injective or injective modules, and we refer to the work of Simson and Garcia [44] for further related results.
Free Homological, Triangulated and Weak Abelian Categories
In this section we study the Freyd categories of (left or right) triangulated, and more generally, of weak abelian categories.
Free Homological Categories
Suppose that (C, Ω, ∆) is a left triangulated category. We recall that an additive functor H :
A cohomological functor is a contravariant homological functor. (Co-)homological functors from (right) triangulated categories are defined similarly.
A free homological category over a left (right) triangulated category (C, Ω, ∆), is a pair (H, H) where H is an abelian category and H : C − → H is a homological functor, satisfying the following universal property:
( †) if F : C − → D is homological functor to an abelian category D, then there exists a unique exact functor F : H − → D, with the property F H = F . Theorem 8.1. If C is a left (resp. right) triangulated category then the pair (P C , A(C)) (resp. (Q C , B(C)) ) is the free (co)-homological category over C. Any left (resp. right) triangulated category is fully embedded via a homological functor to an abelian category with enough projectives (resp. injectives) as the full subcategory of projective (resp. injective) objects.
Proof. Since C is left triangulated, any morphism f : B − → C is embedded in a triangle Ω(C)
f − → C ∈ ∆, which trivially can be extended to a weak-kernel sequence over the morphism f. Hence any morphism in C has a weak kernel and by Proposition 4.5, A(C) is abelian. By Corollary 4.7, the functor P C : C − → A(C) is homological. If F : C − → D is a homological functor to an abelian category D, then from Corollary 4.7, the functor F ! : A(C) − → D is the unique exact functor with F ! P C = F . The rest follows from Proposition 3.6 (C as always has split idempotents). The parenthetical case is dual.
(a, b, c) factors through the right ∆ 0 −approximation of (E 2 ). Thus (a, b, c) is zero in ∆/∆ 0 . Since F vanishes on ∆ 0 , there is an induced full dense functorF : ∆/∆ 0 − → A(C), and the above argument shows thatF is an equivalence. Since A(C) is Frobenius, the stable category A(C) is triangulated [10] . The easy proof thatF preserves triangles is left to the reader.
In [35] it is proved that if we consider the triangles of a triangulated category as (short) 3−periodic complexes, then the cone of a morphism of triangles is not necessarily a triangle. However from Proposition 8.4 we deduce easily the following.
Corollary 8.5. If (C, Ω, ∆) is triangulated and (E 1 ) − → (E 2 ) is a morphism of triangles, then there exists a split triangle (E 0 ), such that (E 0 ) ⊕ Cone{(E 1 ) − → (E 2 )} is a triangle. If F : C − → D is a (co−)homological functor to an abelian category, then F induces a long exact sequence in D, if we apply F to Cone{(E 1 ) − → (E 2 )}. If C is a weak abelian category, then a free homological category over C is a pair (H, Φ(C)) consisting of a homological functor H : C − → Φ(C) to an abelian category Φ(C), such that for any homological functor F to an abelian category D, there exists a unique exact functor G : Φ(C) − → D such that GH = F .
The following theorem contains a simple proof of a result of Freyd [20] , (see also [28] ). We note that Freyd's description of the free homological category of a weak abelian category is slightly different. Theorem 8.7. (i) If C is a weak abelian category, then the pairs (P C , A(C)), (Q C , B(C)) are free homological categories over C and there exists a unique equivalence D : A(C) ≈ − → B(C) with DP C = Q C . In particular C is dualizing and the free homological category over C is Frobenius abelian. Moreover for an arbitrary category Φ the following are equivalent:
(α) Φ is a free homological category.
(β) Φ is a Frobenius abelian category.
If one of the above equivalent statements is true, then Φ ≈ A(C) ≈ B(C), where C is the full subcategory of projective-injective objects of Φ.
(ii) For an additive category C the following are equivalent:
(α) A(C) is a Frobenius (functor) module category.
(β) C is a weak abelian category with coproducts and a (set of) compact split generator(s).
(γ) There exists a QF-ring Λ and an equivalence C ≈ Proj(Mod−Λ).
Proof. Part (i) follows from the previous results and part (ii) follows from Proposition 4.15. We note only that the category of projectives = injectives in a Frobenius abelian category trivially form a weak abelian category.
By the above Theorem, any triangulated category is weak abelian. Hence by [37] , C is left coherent and by [46] , C is right coherent. Then (ii) ⇒ (i) follows from the above Lemma. The rest of the proof is similar using the above Lemma. (vii) C is weak abelian and gl.dimA(C) < ∞. Any one of the above is also equivalent to its dual, replacing C by C op . If (i) holds, then C is semisimple abelian iff Mod−C is locally Noetherian or locally Artinian or perfect.
We have seen that any weak abelian category has Frobenius Freyd categories. The next result characterizes the categories with Frobenius module categories. Theorem 8.14. For a skeletally small additive category C, the following are equivalent:
(i) Mod−C is Frobenius.
(ii) C is weak abelian and A(C), or equivalently B(C), is Noetherian.
(iii) C is weak abelian and Mod−C is locally Noetherian or equivalently perfect, or equivalently C−Mod is locally Artinian. (iv) C is weak abelian and Proj(Mod−C), resp. Inj(Mod−C), is closed under coproducts, resp. products.
Proof. (i) ⇒ (ii) Since a coproduct of injectives is injective, Mod−C is locally Noetherian or equivalently mod−C ≈ A(C) is a Noetherian abelian category. In particular C is right coherent. Let F ∈ Flat(Mod−C); then since F is a direct limit of representables and Mod−C is Frobenius, it follows that F is injective. This implies trivially that projective, injective and flat functors coincide. Hence a product of flat functors is flat and this implies that C is left coherent. So C is coherent and then by Proposition 8.11, C is weak abelian.
(ii) ⇒ (i) Since C is weak abelian, C is coherent and by Proposition 8.11, Flat(Mod−C) = FPInj(Mod−C). Since A(C) is Noetherian, Mod−C is locally Noetherian and the injectives coincide with the FP-injective modules. It follows that Flat(Mod−C) = Inj(Mod−C). By Lemma 7.10, Mod−C is perfect, hence Proj(Mod−C) = Flat(Mod−C) = Inj(Mod−C) and Mod−C is Frobenius. Since weak abelian categories are dualizing, the parenthetical case and the remaining equivalences follow directly from Lemma 7.10 and Theorem 7.6. Remark 8.15. By a well-known result of Faith-Walker, for a ring Λ, the category Mod−Λ is a Frobenius category iff Λ−Mod is a Frobenius category iff Λ is a Quasi-Frobenius ring. In this case Mod−Λ, Λ−Mod are locally finite. However by [12] there exists a skeletally small additive category C such that Mod−C is Frobenius, but C−Mod is not. In particular there exists a Frobenius module category Mod−C, which is not locally finite, thus giving a negative answer to a problem of Roos [41] . We refer to [12] for details.
Recall that a ring Λ is called right self FP-injective if Λ Λ is FP-injective. Λ is called self FP-injective iff Λ is right and left self FP-injective. Also Λ is called a right IF-ring if every right injective module is flat, and Λ is called an IF-ring if Λ is a left and right IF-ring [15] . The following is a direct consequence of Proposition 8.11 and generalizes results of [46] , [15] .
Corollary 8.16. For a ring Λ the folowing are equivalent:
(i) P Λ is weak abelian, or equivalently mod−Λ is Frobenius.
(ii) P Λ op is weak abelian, or equivalently Λ−mod is Frobenius. We recall from section 7 that for an additive category C its category of Ind-objects Ind(C) is defined as the full subcategory Flat(Mod−C) of Mod−C, its category of Pro-objects Pro(C) is defined as Flat(C−Mod) op and we have: Ind(A(C)) = Mod−C and Pro(B(C)) = (C−Mod) op . If F : C − → D is an additive functor between abelian categories, then in general the right derived functor R * (F ) : D * (C) − → D * (D)à la Deligne, see [17] , does not exists. The reason is that the image of R * (F ) lies always in Ind(D * (D)), but not necessarily in its full subcategory D * (D). Hence it is useful to know when the Ind-category of a triangulated, or more generally weak abelian, category is triangulated. The next result presents a class of categories with the property that their Ind-categories are triangulated. For further results in this direction we refer to [12] . Theorem 8.17. Let C be a weak abelian category and suppose that the Auslander category F (C) is Noetherian. Then Ind(C) is a covariantly finite subcategory of Ind(A(C)), the stable category Ind(A(C))/Ind(C) is triangulated and there exists an equivalence:
Ind(A(C))/Ind(C) ≈ −→ Ind(A(C)).
Proof. Since C is weak abelian, C is left coherent, so by Theorem 7.6, Ind(C) is covariantly finite in Ind(A(C)) = Mod−C. By Theorem 2.2, the stable category Ind(A(C))/Ind(C) is right triangulated. Since F (C) = mod−B(C) is Noetherian by [24] , Mod−B(C) ≈ Mod−A(C) is locally Noetherian. Hence its localized quotient Mod−C is also locally Noetherian. By Theorem 8.14, the category Mod−C is Frobenius and Ind(C) = Inj(Mod−C). Hence the category Ind(A(C))/Ind(C) is triangulated (see [10] ).
Since C is weak abelian, by Theorem 8.7, A(C) is Frobenius, so by [10] , A(C) is triangulated. In particular A(C) is weak abelian. Since Mod−A(C) is locally Noetherian as a localizing subcategory of the locally Noetherian category Mod−A(C) we deduce that Mod−A(C) is The interpretation of the above results in the case of the module category of a ring leads to the following result first proved in [33] . 
